


1. Rings
Recap of Abelian voup

Definition, Abelian, Gvoufs
An Abelian, (commatative) group R s aset with a binary operation,
+:RaR—R
(a,)b) = atb
such that
(0) a+b=bta Ya,beR
(1) a4(btc)= (a+h)+ ¢
(2)30eR st 0+a=a40 VYaef
(3) YaeR, I (a)éR st at(a)= (-a)ta=0

Notabion,: We write a+(-b) = a-b

Definition of a ving

Definition, Kiv\9
A Ying R is a fet with 2 binavy ope'mf?ons

addibion, mlhplica’r?om
RxR = R; RxR-R;
(a,b) P atbh (a,b) ~ axb

Jaﬁsﬂinj following axioms
1) (Ri4) s an Abelian group
W) (axb)ic = ax(bx)) Va,bceR
i) ax(btc) = axb +axc Va,bceR

(Mb)xc:axc + bx¢ Y a,b,c eR

Noblion,‘. axb is ve[msenteal bcj ab



Basic Examrlc of a Kiny
1) Z i a ving
Proof: v

> Z s closed under binavy opevations + (addition) and x (Mulhpl'.cahon)

1) (Z,4) i an Abelian, Group

i VabceZ,

(axb)x¢ =(ab)xc = abe
= ax(be) = ax(bxc)

i) ¥ aboeZ
a(btc)= ab+ac
(a4b)c = ac+ bo
Remark:
1) In the definibion of a 'f'mj, we do not assume existence of & multiplicative inverse 0
i) We do ot assume exiskence of mltirl;oahve Ideat:t7
Ex: 2¢Z, 292 evenH\ou]k 2'2:1=¢
In Z, 1€2, (ontains m!Hyhcahva idenlih,
0eZ, ¥
Remark : (K,+) is Abelian, group == 0¢R
Remark' T genmi, mulbiplication s not commatative

Commutative R:nj

Definition, Commutative Rinj
A 'ﬁv\9 i commutative it VYa, bek,
axb = bxa

l-e. r\ulhplica’cior\, 1 commutabive




Mote Examples of Rings
1) Q R, € ave all commutative vings with, ?den’cﬂ:7 undey wswal + and X
2) N and N,= Nu{0} with wual  and X ave not Yings 4§ (N,+) and (N,,1) ave not groups
JR=2Z={22: 2¢ Z} with wowal operations + and x s & commubative v'.n7
For identity, Y2¢2 , 2¢-2 = e=1¢27
= 22 does not contain, nuIHPIicahve identity
i) Consider Ma(R) - nxn mabrices with veal enbries
Matrix addition is commutative
A+B: Mabrix Addition
AxB: Mabrix Maltiplicabion
R=My(R) 75 & non-commutabive ving ideatity Ty, . So ate m(€), m,(Q) and m,(2)
5) For a ﬁng and any nen, Ma(R) is the set of all nxn mabvices with entries in, R.
Fox ny ving, MaR) s a fing
6)
(Z,, ®, ®) is a commutabive ving with Idenhk-, 1. Denote this ving by
Z /02
Proof
() Already seen that (Z/nZ, ) is an, abelian, group
(i) ¥ [a], [b] [c]e 2,
[« o (6] @[c]) = [a] @ [bc] = [a(bd)]
= [(as)c] = [av] @ [c] = ([a]@[b])0 [c]
() Let [a) [o], [c] € Z2/nZ . Then
[a]([b] & [c]) = [allb+c] = [a(b+c)]
= [ab+ ac] = [ab] ® [ac]
= [a][c] ® [a][c]
Sinilasly  ([a] ® [b])[c] = [a]fc] @ [o][c].



Leb X be aseb, X#6, R=2"
Define binavy opevations; YA,BeR,
A+B= AA B = (A\B) U (B\A)
AxB= AnB
Then, (R +,%) is a ving with O element O, identity X
P'roo](-' ) ‘
1) (0) Aag = (A\B) v (B\A) = (8B\A) y(A\B)= B AA
(1) Aa(sac) = (AaB)Ac
(2) ApG=A
(3) AAA= 6 = A isiks oun tnverse
Thetefore (R,4) i an Abelian group
1) Obsewve that for any subsets A B (<X
(Ang)nc = An (8nc)
which s basic set theoy
i) Enough bo check ot ll subsels A8,C € X, the equalily
An(Bac) = (AnB) A (Bnc)
Since 0 s commutabivg

Tt holds true because both sides ave the colleckion of elements of X that be\ov\7 to A
and to precicely one of tuo subsets B and C.

And X£4 and ANX=A for any ASX. Jo X ig the 'm‘en’c'nh, of our ring
Remagks -
T4 theve exishs an element 1€R guch that 1#0 ond
lazal=a VYaeR
then R @ ving with ?Jcnhbj

The Tdentity element L1eR, 1f 5t exists is wnique




2. Elementary property of rings

Remark: Am, ﬁnj R s an Abelian, Group velative to addition + , 5o
1) 0eR identity is wnigue
W VaeR, J-aeR st at(a)=0, -a is wnigue
i) VacR, a0=0:0a
it) a(-b) = (ab) =-(a)b VabeR
i) Ca)b) = ab ¥abeR

Proof :

1) ax0 =al ax(OH))

n

ax0 4+ ax0
Add'mj -a0 4o both Sides,
0=0a0-40 = a0+4(a0-a0)= a0
= 0=a0+0
= 0:=a0
i) a-b) + ab = a((-b) +b)
=40 =0
=> al-b)4+ab=0
=> 4(-b)= - (ab)
Dual for Ji\oumg ()b = -(ab)
i) (-a)(-b) = -((-a)b)) = -(-(ah)) = ab by i

In pav’c?culm, i4 R hay an Men{i’uj 1, then, Va,beR,
»(-1)b=-(1b)=-p
> (-1)(-1)= 1x1=1




Jubf?v\js

Definition, Subﬁnj
Let R be any ving (+,x) , let SSR be any subsed
We say J i called a Jubﬁn7 of R if:
(@) 0Oed (identidy)
(b) a,bes => -acd, otbes, axbes (losure)

Remork: T§ SR i o ving undey the same opevations + and x a3 R = Jisa subring of R

If $<R s a Julwinj, then, § is & ving velative €o the same opevations +, X as on, R

Proof:
() From defn, of Jubﬁn?

Closuve: a+bes
Iden&ﬂvi OcyJ = § ¢ (Rﬁ)
Tnvevse : Va€s , -a€s = (5:4) i an Abelian, &vrou,)

(i) Yabice S => a,bceR and dine §<& 75 closed under X
a(be) = (ab)c
(if7) a(b+c)= ab+tac
(a4b)c = ac +be

Hence btj defn of o Ting, § is a Ying.

EXanp\es of J«bvingi

not a field
NC2R 2Q 2 7
(+,x\ Jubrin] Sub'fil\?

a ﬁ"’ ‘U J

Y'mg ving
YN<Z NoT a Jubﬁv\j
0¢ N, YneN, -ngn



3) 2227 i a Jubﬁnj without an, Menh{?
N
Tin7
0€¢22<2
Z s a1ing with, multiglicative identity 17 : V2eZ, 1.2-2
1;{ 27 = 27 is a ﬁnj vithout an, ialeuhh’
k) ¥nrl
M(€) 2 Ma(R) 2 M,(@) 2 ma(2) .Subvin?s

Definition, Squate free
Fix any deZ , 440, d41.
d 15 Square free & szrd Vp, prime

te. dis not divisible by p2 vaims p
def...,-6,-5,-3,-2,-1,2,3,5,6,}

G) R=C is a Ying Define J<R
§={a+bfd : a,beZ, 4 plime free = z[4] itk +,x
Claim; §=2[4] isa Julrr'm? of € =R
(a) 004 0{d  identity
(b) a4 b¥d, a'+b{d €
> -a- bld €
> (a+a’) +(b4b)[d €S
> (arbfg) (a4 b03) = (aa'+bbd) 4 (ab+db) (3 €5
2 z
Hence S'usa.sul»rin7 = § a ving
if 420 = §<R $ubring

Definition,
d=-1 => Z[i]={a+ib:a,be2} are called Gawsion integers




(6)
Let R be any ving Let X be any non-emply set.  Consider
Fo={sl4:Xx —R]
Dejﬂne the b?nmj oPe-deons + and X oOn, F: } Ve X bj
(fr9)(x) = () + 9(a)
(prg)e)= (1)) 4o} 4f
F: s a 17nj
Proof:
N(0) VaeX, ({+9)(1) = 4(x) +3(1)
= 4()4 4(2) gince $(n), g(x)€R, R,+) Abelian
=(944) ()
(1) ($4(g4h)(x) = 46 +(g+h)(x)
= 4+ (3 (x) 4 hx))
=(5(x) + 9(1)) +h(x)  gince §(x), 9(1),h(1)€ R, R 4) group
=(J;+9)(1) 4 h(x)
=((j+g)+h)(ad Vae X
(2) 0 funckion: 0:X =R x - 0
(+0)x) =5 +0(x) =5&) 40
= {(1\
= 0+4()
= (04 ) ()
(3) Thverse function (-4)(x) = -§(x)
($+(-))x) = 464 (4&))
= $(x) - §(x)
= 0 =-§(x) +4(&) = (-§+H)(&)
Hence (F,Z(,‘f) i an Abelian g¥oup



3. Romomorphisms and Isomorphisms

Definition, Kin9 Homomorphisw,
Let R, be amj 2 ﬁngs. A function,
AR

S o viny homomovphism, if Ya,beR
i) «(a+b)= w(a) +(b)

R J

1) «(axb)=x(a)x «(b)
R $

Tf R and § are Yings with identity 1 and
«(1)=1

then o is & wnital ving homomorphism,

Remark: 8!1 Group Tl\eon], it o:R=J i5a Ting homomovphism, then o is a group homomtorphism,
£ (R +) — (5,1)

.) O((OK): 05
i) «(-a) = -o(a)
Definition,

Tf iR 15 a ing homomorphisn and o is bijec{ivc, then, ol s & Ying 1s0m0Yphism,
T4 3 an isomorphisn o:R =8, then, Ris isomovphic fo § denoted bl}
RZS




Properties of Homomorphisms

(a) The 7Aenhh1 map
:RoR; a)=a
5 a ving isomovphism, ; RZ R
(b) Tf 4:R—§ %5 & ving isomorphism, then,
o § 2R
is & ving isomorphism, ; R=§ == §=R
(c) Tf R3S and g:§>T ave ing hononofyl\im (isonorphim) then,
BL: R—>T
5 a Ting homomorphise ( iaonovrknsn)', RES and T = RET
(d) Suppose RES.
R is commutative & §is commubabive
Proof
@ Y a,beR
uWa+b) = ath = i(a) +i(n)
1(ab) = ab = i(a) i(b)
and Tdentity maps are bijections
(b) Let X%, €S. From Growp Theon,
X '(-x) = - ()
{(2ty)= o"(x) +o'(y)
Put a=zol (x) and b=e('<'3). Then, 2(a)=x and x(b)zq
As o is & homomorphism,
o (ab) = ot(a) w(b) =1y
=> « ()d'(4) = ab= o(2y)

Furthey ol 15 & bijecfio»\, = £lisa bijecfiok.



(c) By Group Theory, pol presevves + opemhorl
YV abéeR
(px) = plot(ab)) = g((a) (b)) = p((a)) p((a)) = (got)(a) (B)(b)
= B is & homomovphism,
& and g ate bijection, = pd ave bijeckion,
(d) Suppose R is commakabive. V' a, beR
«(2)a(b) = d(ab) =t (ba) = o(b)o(a)
Juppose § is Commutative. Y a,bes
o (a) o (b) = o' (ab) = o '(ba) = o (b)t"(a)

Examples
1) Let
J={(a b): a,bél?\} < Mm,(R)
“b &
S a Jubﬁnj of M, (R).
Tndeed 0,,,€S and ¥V X, V€S, -X, XY €S
C‘\eckina XY
XY=[ab)(c d)={ac-bd addbc) €
SHPHME-)
Now define fanction

d(atib) = (a b)

-ba
ol 15 a b'x\iec“of\ (jfour H\eovj)
Moreover

a((at1b) + (c43d)) = a((akc) 4 '.(b+d))=(a(+b<;d) ln:ol)
- a+C

= (a l,) i (-Cdf) = «(a4ib) 4 ol(c+id)

-b a



d((a+3b) (c+1d)) = &lac-bd 4+ i(ad+ b))
i k) )
«(asib ) (c+3d)
Thus o 1§ @ ting homomorphisn. == o is & ~r'm9 isomovfhsm,
C={¢
2) Let mneN and mn. Define
22 — Z/nZ;
a(z],) = [2],,
For any 26 Z, for any we, we have
[2] = [w], & nl(z-0)
= M|(2-u) since mIn
& 2], b,
therefore o is well-defined. We have eq,ma"hes
d([z], ® [v]) = a([z+0],)
=[z40], =[], © [],

= «([2],) & «([v],)
and Jsm"avfj for o [i} ”],) )« ([0],)
= disa fing komomoryhsm.
Nobe: 1Z/m21=n ,1Z/Z]=m

Hence o s aﬁnj momovpl\bw\ or\\‘J i m=n

Important !
Let R and § ave vings with m\lhplicu{ive Menhh, 1¢€R and 1 ¢S

I d:R—$ i an onto hemomorphism, (or isomorphism) +hen
o((lg) = 15




4. Units and Fields

Definition Unit
Take any acR. Tf IbeR .t
ab=baz=1

then, ‘@ is called & wnit of our Ying

Remark: Let R be any Ting with, the identity 1€R
1) Assume R4{03, then 1#0
Tndeed YaceR, 1§ 1=0, then VaeR
azalza0:=0 = K=fo’]£
2) If a is auit = ab=baz1
=3 b=d @i inertible

Notation: Set of all units
U(R) = {aéKi aisawnit?

Remark:

(a) Consider 1€R. Then, 1x1=1x1=1 => 1¢ U(R)

= 11
The Mcn&ih, 1¢R is unigue, while there may be othey wnibs

(b) Noke that 0.b=041 YbeR => UR)F0
(c) It ae U(K), then, the element b such that
ba= 1=ab
is wnique

I-} ac UR) is a it = b=a' 3s unigue



Suppose for Jome ae R, A bceR such that
ab=ca=1 = bz¢ and 0 acU(R)
proof: b=1b = (calb=c(ab) =c1:¢ => bsg

Suppise that ab=ba and abzba=1. Then,
ab=1:= ba => b=b

Let (R,4,%) be any Ting with an 'm\en{ilnj such that R#{0Y
Then (U(R), %) s & group
Proof:
Tdentity: We know that 1 is a wnit of R, that is 1< u(R)
¥ acUR), axl=a=axl
Associative’ We Know that X To associative on R = associalive on, U(R)
Ineevse = T uveU(R), Au, v'€R fuch that
w'=1=w'n and  w= 2=y
Note that w is the Tnveme of W'; u= (u")-l = u'e Y(R)
Closuve  Furbher
() () = (W) u! = ulu' =un'=1

—-'_-'; (MV)-lz V.qu'
and 6ini|a117
(Vi) v) = 1

Hence wve U(R) lWJ defintion,



Examples of Units
) R=23 0,1. Hence
(R)=u(Z) ={1,-1} : - NoT closed wnder +
- closed wundev X
2) U(Ma(R)) = {invertible makrices)
= {AemR): det A£0Y = GL(NR)
=> (MA(R) = GL(NR) : Geneval Linear Group
3) U(R)= R\{o}

0(@)= &\{of
u(€)= €\fo}
4
U(Z/nZ) = {[2]: aeZ and gcd(a n)=1)
Proof:
14 [a]e Y(Z/mhz) = [a] [b]=[1] for Some [b] € U(Z/n2)

= [ab] =[1]
= nl(ab-1)
= ab-1=nq for some q€Z
= ab-ng-=1

= 5cd(a,n)=1 Bezout's Theorem,
Convevselﬂ it 3w|(a,v\)= 1 = IsteZ such that 1=a5+nt
= [1] = [as +at]
= [1]= [as]
= [1] = [a][s]

For p ptime, U(Z/pZ) = (Z/pZ)\([ON
Proof: T [“]f[o} = e = 9cd(a; p)=1 and [a] is a wnil bo, previous



Fields

Definition, Field

A field s a commutative Yinﬂ F with an ideth’ 1 such that

U(F) = F\{o}

Q,R,C, Z2/p7 ;p pime ave all fieds.




9. Zero Divisors and Integral Domains

Zevo Divisovs

Definition Zero Divisors
Let R be a 'rin7 and R#50}
An element a€R is @ 2evo divisor 1§ for Some be R\{o} b0

ab=0 o1 ba=0

Set of zevo divisors

2D-= {2cvo divisors of R'l

Remark: 0 s & 0 divisoy = Qe 2D(R)

) R=7 = 2p(2)={0}
2) Considey R= MI(C). Take

My )

AB:( ) —> A,B¢2D(R)

00
00

Non - Zevo Divisors

Definition, Non-2evo Divisors
0.€R is a non-zevo divisoy if VY be K\{Oli, we have

abt0 and baz0

Set of non-2evo divisors

NZD= {no'\-zcvo divisors of R’]

§o 15 aeN2D(R) then
6b=0 = b=0 VYaeR ; ba=0 = b=0 Yaek




In&egml Domains

Definition, In{eyml Domains
An, Tnkegm| domain, is a commukalive ring with idenlihj 1¢R st
20 ={o}
that is has NO non-trivial non-2evo. Eeiuivalenfl7
N2D(R) = R\ {0}

R=27, 20(R) = {0} = In{:eg'ral Domain,

Remark: Foy any Ying R, the condifion, 20(R) = {0} s eq,u'wa’enf to eithey of
1) Va,beR\{0, we have ab#0
i) Va,beR, the eq’ualiig abz=0 = a=0 or b=0

Obsevve and Compare

Ris a field if R+{o} R i an ID 14
1) R s & commutative 'ﬁnj ') R % a commutative 'r§n7
1) R has idenkily 1 1) R has idenbily 1
3) U(R) = R\{o] = 3 20(R):={0}

() 1f R is aving with an idestity 1, then U(R) € N2D(R]
(b) Any field is an iukejva! domain
Proof
(a) Take any acU(R). Juppose that
abz0 for jome beR.  acU(R) = 440
Then b=1b = (a'a)b = &’ (ab) = a0 = b=0
Jimilarly ba =0 = b=0
=> ad 20(R) = aeN2D(R)




(b) Let R be a field. Then, Pfoputies 1,2 for a field = 1,2 for an ID
R a fidld = R is a commutalive ving with an 1Jenhf«1
B‘? patt (@), ulr)<n2p(R)
Now  R\{0} = u(R) ¢ nzp(R) € R\{0Y
b‘? dlz-Fn ot field
observe P 0¢ 2D(R) = 0¢ 2D(R)
» acR\{0} = acule)  fidd
= ae N2D(R)
Thevefore N2D(R)= R\f0] => R is an idc?mble domain,
Example of Ialzejfal Domaing
) for R=Z;, U(Z)={1,-1]
N20(Z) = Z\{o}
Hence U(Z) € N2D(Z), but 0(2) # N2D(R) = 2\{0}
Thas Z i an 1D
Z s not a field

2) Tn M,(R), the mabrix ( 1) s a 0 divisor becawse

00
(33)(55)-°)
) In Z/aZ, we have Z0(2/nz)= {0}uile]: 0cZ, 40, gedlam)>1}

Indeed if ged(aim)=d>1, then
H ¢ [o]
d

[a] [ﬂ = [a ﬂ 3 [&]D\,} = [0}
Conversely 7 3co\(a,n)=l = [a) is a wit

=> [a] is not & zen divisot oS
0(R) € nzp(R)



Cancellation, P«opml’
Cancellakion, Pmyu’c,
Let R be any ﬁnj, let aeR be anon-2ev0 divisov, 1.¢. ae N2D(R).
Then, ¥ bceR, we have
1) ab=ac = b=¢
i) ba=ca = b=g
Proof:
i) ab=ac => alb-d=0
= b-¢c=0 fince aen2D(R) , 440
= b=¢

11) Dual AVjumenf

Let R be a finite 7ing with an, idenhéy 1. Then,
U(R) = N2D(R)
Proof: Due bo previous Lemma, U(R) € N2D(R) . Leks prove the oppusite fncluion,
Let R\{ol={a,, a5, a,1 fot some neN and 1R \{0?
Fix aze N2D(R). Then, a;ajio for j=1,.n. o
fa;aj:fi...-,m} < R\{o}
If aa;=aia, = a;=0, by cancellabion property.
== j=k

Thus
{145 je1,,a 3 = and [R\f0Y] =1,

Thevefove
{ai0;:§=1,..,n = R\ {0}
But Le R\{0Y ={aia;: j=1,.,nf = Jag ot aag=1

Jimﬂmlv consideﬁn9 oPPosite ovder



Similarly for fired a;, consider {agas: 1,---,an and a pavticalar K st agaj= 1

Now
ayg= 1“1 ¥ (aKai)aﬂ = al(a;ﬂl) 3 akl Ay

Hence ajeV(R) n

Let R be a finite ?nkejml donain. Then, R s a field.
Proof :
The ving is an, ?nkejml domain, = R is commutative
Also 1€R and 20(R) = {0Y. By the above proposition
0(R)= N2D(R) = R\{o}
= R ¥ afield

Weddetbutn, Theovem
Weddevburn,  Theovem
Let R be a finite 'rinj with an Ia‘enhl—’ 1 such that
2d(R) = {0},
Then R is a field

Jacobson Theovem,

Jacobson Theotem,
Let R be a ving such that YaeR, T n=nla)>1 such that

a=o
Then R is commutative
Suppose that
0=0 VYaeR
Then R is commubative.

Tndeed Va,béK', (a+k)=<a+5)z= (a+b)(a4b) = a*4 ab + ba + bZ: atb



= ab + ba =0
Mo (2)=(a) =(0)(a) = da =D (@)= Vaek
Hence ab+ba=0 = ab-ba=0
= ab =ba

Finite Rings with 20={o}

Let R be any ving with [RI71.
Juppose that 20(R)= 0. Prove hat R is 0 ving ith identidy
Proof:
Jwppose R i a ﬁn7 with, 2D={0} .
Let R\{0} ={a,,----,a,‘3 for some neN,
= areNz2D(R)
= 640 #0 for £=1..,n
{ajag: 4=1,,n}= R\{0}
=) 0385 =a; for Some |
=D qf;ajak:ﬁ;ak Since a; €N2D , cancellation proPeﬁ«j
= aag=a; for any K
Jim’davl‘, for ksj
a;0;=4; = akam:a,%
= 8¢aj =4y

= aJ- idenmuj



Unids are NOT 2evo divisovs

Let R be any ing, then,
u(R)nzo(R)= ¢
Proog: (by conradiction):
Suppose JacR 5.t acvR) and ac2D(R)
1t ae2d(R) = 7 ber\o} st

ab=0 o1 ba=0
1) ab:0 = b=(a'a)b= a'(ab)= 4'0=0
= b=0w

7-) Similay

Hence emPh’ intersection,



6. [deals of a Ring
Definition of Tdeals

Definition Tdeals of a ring
Let R be any ting and T€R be any subset
The gubset I is an ideal if
0el
iael =>-ael
i) 0,6l => atbel
W ael, 1eR = av, 1ael

Note :
> Y 'v?r\js R, ideal = Jm‘ov?nﬂi

» Converse NOT alwa«js tyue. In 5enem\

du‘ox'm, 2?5 tdeal

Examples of ideals
(1) R=2Z, take any neN¢ Z, pm‘?
T=nZ={nzl2eZ}. This is an ideal

4004 -

:) OéI b«, 2=0

i) take ang 12 €] = aC2)=-nz el
{ 1]
Q -a

'ﬁ;) take a=n2, bz=n for 2weZ
atb=nz 4w =n(ztw) el

N) a=n2 21 = a1= (ni)u: n(2u)5I
Y= W

and af =vae T



(2) Take any R=Q2§=Z a Jubﬁnj
We know that Z is & ﬁnj '»{seLf
= §sa dubrinﬂ
Bt S is not an dedl of Q
pronf: Counterexample:
onpe&’ (iv) dots not hold
a=2, 1=32_é@ e ] mr:ékq/Z
(3) General exam,pkf Trivial Tdeals
YRa ﬂnj
» T={ot i an tdeal as
7 040=0,
w)-0:0¢{0}
1) 0xv=0€e{0Yy VYreR

» I=R s also an ‘deal

(a) duppose R # 0] has an identity 1£0.
If T<R s an ideal and 1€T, then
I=R
(b) fuppose that R has ?den’r‘uhj 1. Alo suppose that Y aeR\{0Y FbeR 5.t either
ab=1 ov ab:l
Then {0} and Rare the oal., ideals of R
() Tf R is afield, £hen {0} <R and R ave the only ideals of R
Proof-
(a) Juppose 1€T and T<R be an ideal. 87 degn of ideal
VaeR , YaeT | we have 1ael.
In pavﬂcu‘av this holds for =1 = va=Y



=2 1¢L Yrek
= R<I
= R=1I
(b] Take any ideal T€R. Tf T={0Y, nothing to prove.
Juppose T#{0Y and 06T => 3 e R\{0} such that aeT
By hypothesis, JbeR such that
bazd orbasl = 1€I by defn of Meal
= 1I=R bj (a)
() Tn a field R, YaeR\{0Y, 34" 50 (b) = ()

kevnels and Imajcs

Definitton  Kernel / Tmage
let £:R—4 be any Ying homomoyohism, ¥ R, $ tings
The Kemel of R kevo = {veR| () =0]
The image of R Tno={ses|s=alt) for some e R

Another way of wIHnj imaje 13
Tmd = {a(r) 6 | veR]

Let o&: R—J be any Ying homomovphism. Then
(@) Tmot €5 is a Jubrim]
(b) ket € is an ideal

Puaog:

(W d:R—S Ba ﬁn7 homomovp hism

Tn parkiculay, this is a group homomorphism, w.v. ¢ '+ oPemHov\
(R 4) — (5,4)

§o Imd €6 i an additive dwbgroup




Hence by propesties of homomovphisms from group H\eoﬂ}
D(0)=0 = 0¢ Inx
W If abeTma, then, AyeR such that
a=alx)  b=aly)
By group H\em’
~a=-o(x) =< () €In
Finally
ath =ulx) +uly) =a<(1+7) and  ab=a(x)aly) = a(ny)
Hence -a, ath, abe Im o
Thevefore Tmo is a meﬁng.
(b)Need £o show that Keva SR is an ideal.
1) 0€R, w(0g) = 05 by Group Theoy = 0€ker
1) Ve ker o
W(a)=-a(a)=-0=0 = -ackero
i) 0y be kerol = at(a) = ol(h) =0
w(ath) = ol (a) +(b) <040:=0 = atbekero
)V o Kerd, VrveR
dlar) = (@)(v) = 0u(y) = 0 = arekero
d(1a) = a(r)a@) =()0=0 = vackerd

Hence -a, ath, va,ay ¢ kevd = Kevd is an $deal



Let o :R—J be any ring homomorphism.
Then o is one-fo-one &= keva = {0}
Proof:
Juppose o is one-to-one.
4 (0g) =0, = 0¢kerd
Tt vekera = (1) = 0=w(0)
= 1=0  V¥veR dince « s 1-1
Hence kerd={0%
Suppose that kerod =50t Then YuueR
d(w)=a(v) < 2lu-v)=0
& u-veker o
E w=v [ ]

Let R be a {?eld, J be any 'r'me} and o:R—>J be any ﬁng homomokaism. Then eithey

Imd= (01} 0Y o 15 one-+o-one

More qenevally, the same property of of holds if we veplace the hypothesis that R is a field
bﬂ a eakevﬂpvope'rhj U\ag JlL f f P 9P 1

1¢R and Yae R\{ol, T beR guch that ab=ba=1
Proof:

B‘j part (b) of the Lemma on g 26, Kero i an ideal.
By part (b) of the Theovem, on P9 25, kerd =€0Y or Kevo=R
Case 1 keva ={0} = « is one-to-one
Case 2. Kero{=R = « maps all elements of R to 0

= VveR ,ulv)=0

=> Ind={0f



7 Examples of ldeals
(1) For any ing R, the idenh’h,
i:kR—R

15 & 1ing 15omovphism, (seen above)

Zeto function w:R — R
a— 0

5 @ '('m7 komomovpk'lsw\,

Ah0O+ -

£(ab)=0=0x0 =x(a)xob)

£(a+h)= 0= 040 =ola) +a(b) n
Hence

kev $=$aeR:1(a)=0% = {aeR:a=07= {o}
keyw={aeR w(a)=0}= 2
ave idedls of R
(1) Let

T,(R) = {(S t) : a,b,cetR}

T,(R) <M, (R) is 4 subring
Define £:T,(R) — R

o[ b) = a
0 ¢
This s a ﬁng homomorphism dince

o(((a b)+(a' b')) :o<<a+a' b+b')= ada = o<<a b) +o<<o: b')
0¢ 0 ¢ 0 (+c 0¢ 0 ¢

(5 2)B8)) = (ag sbtie) = aa= o5 ) &)



Heve

(a b)ékcm( = o(<

b)=0
0¢

a
0¢
& a=0

kem=f(0 b): b,c¢ ﬂ“}
0 ¢

and Kevo is an $deal

Tkemfove

Let R be any ving, T,T<R be any ided|
TNT is an ideal of R
Proof:
1)0eT and 0¢] = 0€INT
i) aeINT = ael and aeJ
= -a¢l and -a€d
= -a¢elN]
i) a,be INT = a,be T and a,beJ
= a+b¢I and atbed
= atbeInJ
W) v¢R, aeInJ = 1€R, acl and ael
= va,av ¢l and av,vaeJ
— 1a,a1€INT
Jum of Tdeals
Let R be any Ying and T,T€R be any 2 ideals .
Define

T+J={a+b acl, beT} Sum of ideals




(a) T+7 is an ideal of R
(b) The wiion TUT ST4J
(c) The sum T +7T s the ideal of R confain?n? TVJ

P'(oo# ;

(a) 1)o=g+ge T+J
I J
i) YaeI and seJ

~(ats) = (-a) #(-5) eT+7T
I 7

ﬁ;) (Mb}-f(c-l—d) = (atc) + (btd) ¢ T4J  + 15 Abelian
n Mm m mn
I+J I+4)J I J
) (a+b)(c;\d) =(ac+ be)+ (ad 4 bd) e T+J

m

I J
Observe that aeTl and ceI = acel
€I and beR = bceT
Similatly beJ and deJ = bdeJ
d¢T and aéR = adeT

5 — actbeel

S — ad+bced

Hence (ac 4 be)+ (ad 4 bd) e T+ = I+J is a Jubﬁn7
Mave genevally for aeI, beJ, 1R
(a4b)Xv = v + by € 1+J
mn m
L 7

1x(atbh) = va + b € I+J
M n

I 3J
= T+3J i an ideal of R.



(b) Suppose a¢l = a=at0eItJ
= T<I+J
Juppose b€l = b=0tb e LtJ
= J<¢ItJ
From, TuT<T+J
(¢) We need to show H KER i any \deal of R confaining TUJ, then K also Contains T+J
Take any ideal K<R such that TU T < k.
Need to show that T+J €K
I,J<k = VYaeA, bed, a,bek
= athek
Hence L+J <K =
Example of a sum
R=Z ,then I=4Z, T=10Z. Then
T+J<2Z 15 an ideal
Claim: 47 +10Z = 22
phasf
(€): Suppose x€ 4Z 4102 = x=kz + 0w =2(2u t 5v)
— xe22
(2): fuppose ye 22
Vye22, y=22 for some 26Z. Obsewe 2=-8+10
y=2z= (-g+lo)z = (-8)z 1 loz
= (4(-2)) 4102 € 42+ 102 n

Move 9ene'ra”t1 for any m,n €N

mZ 4 nZ = 9cd(M.n)Z

roof -

(S):JuPPose zemZinl = zzam, +nb, a,beZ



Let d=jco|(m,n)
dlw, and dln = m=d2 and n-dk ot Jome K LeZ
= 2=aldt) + b(dk)
= 2= dad+ bk)
= dlz
= 2e¢dZ
(2): Suppose 2:42 = 4|2

= 224k for some keZ

gedlwn)=d = JsteZ st

d= ms +nt
2= (mstnt) k= mlks) + n(tk) e nZ +n2
= aZ+bZ:42

Mote 9enem"¢,, for any m,ne 2,
w2 N2 = lm(mn) 2

roof

2emZnnZ & zemZ and 2enl
E w2z and nl2
E m(mn) |2
= Zefcw\,(m,n)z



8. Factor Rings
Reminder of Cosets
Let (G,4) be any Abeltan group, HEG Jubyvouf.

Definition Coset
(6,+) be any Abelian group HSG Julpyvouf. Then
VacG, a+H={atxlxeHt <q

s & coset of a velative 4o H.

In
a+H
7

vepresentative

P'(oPevHes 0f Cosets

() a4+ Hz=b+H & a-beH
() atH=btH & (a+H) n (b4H) % ¢
(i) atH=H=04H & acH

H¢G and (G,+) Abelian = H44
Proof:

VheH, h= k”-l: 9k3-’ Y ge6
Factor Goup

Definition Factor Group
Let (&,4) be any Abelian graup, HSG Jubyrouf.

G/H=fa+H-'aéG} = { et of all cosets in G velakive +o H}

Fackor [ Quetient group




Factor Rtnﬁs
Now let R be any 'r?n7 = (R;4) s an Abelian group
Let T<R be any ideal of R. Then
I<R isa Jabjroup telative to + = we have R/I

Consider {ac’rov Set R/I with binav’ opemhon
»  Addition: (a+I)+(b41) = (atb)+T
> Maltiplication: (a+I)%(b4T) = (axb)+T

The  binary operations +, X
+: (a41) 4 (b41) = (a4b)+T
X1 (@+I) % (b4T) = (axb)+T

Proof:
By Group Theory, the set R/z is an Abelian group under
TIn particular, +R/I is well-defined
Jhou'my via explicit calculabion :
Suppose a+l=a'+T and b+I=b4I for gome 4,0, b,b‘éK
=> a-a €¢I and b-bel

H
ence (a-a') + (b-b) €T and ab-a'b = (a-a)b 4+ d(b-b)eT

= (a+b)-(a'+b) €T and ab-db'el
=  (a+b)4L=(a"+0)4I and Qb)-}I =(a'b')+I
Therefore
(a4T) +(b4I) = (atb)+I
= (a'+b')+]
= (a'41) + (b'+1)



%0 (a+I) % (041) = (ab) +1
= (a'b') 41
= (o'+1) « (b'+ 1)

(R/I, £,%) i av?n7 with +,x defined above

M-f_‘- 8’ &vour ﬂ\eov?, the et R/T is an Abelian goup.
A,zsoc'mﬂv‘l‘a, o For any 5 cosefs atI, btI, c+TeR /1
((a+1)x (b41)) % (c+T) = (ab+T) % (cxT)
= (ab)c+I
albc) +T
= (a4T) % (bc xT)
= (a+1) x ((b+T) 2 (c+1))

Distat Lul:'w?’c(, :
) (a+T) K ((041) + (+T)) = (a4T) % (b+)xT)
= albtc)x T
= (abtac)xT
= (ab+I) + (ac+1)
= (a4I) A (b+L) 4 (a+1) % (cxI)
i) Similar
B" GVOMP 'ﬂlemr’, (K/I,’r) i an Abelian growp.
Has identity T=0+I
inverse: -(a41) = (atI)
Abelian as
(a+1)+(b+1) = (a4b)+I = (b+a)+1I = (bta) + (a+I)



Examples
) Let R=Z and YneN, we have ideal
I-"Z<Z.
For any a,b€Z, we have
6tI=btl & a-benZ & nlla-b) & azbmodn
Hence in quobient '1?!\9 Z/1, we have
a+I=[a]
o R/I=Z/HZ={[0], [],...,[n1]} = 2,
+ and X ave wsual modulo n vules

Fundamental Theovem of Homomorpk'ums for Rin95

Let R,§ be any ings and o:R—¢ be a homomorpkism
Then Kerd € R an ‘deal of R and ImA €S 1S a Jubﬁng of $ and

R, = Imd
etal | |

Proof: Let I =Kerol
Define

A — Tmo b
%ew( 9

Z(a+1)=a(a) VaeR
Show that of 18 bijeclive and a ving homomovpl\im
well-defined : Take a,beT such that
a+I=btI &= a-bel = ked
& a-b)=0
& yla) -4 (b)=0
& wla)=a(b)



& x(at1) = 2(b+1)
onto: Y ueIm &, take any w=(a) for some aeR and
{(a+1) = ala)=un
1-1° F(a4I) = x(b+4T) = )= (b)
= o(a)-«(b)=0
= «(a-b)=0
= a-beT = Kero
= 44T = btI
homomovphism.: let a+I, b+T ¢ R/ - Then
x((a+1)+(b41)) = 2((a4b)41)
= o (a4bh)
ol (a) 4 o (b)
=R(a+1) +2(b+1)

X((a+1) x(b41)) = ((axb)41)
= « (axb)
= o (a) % (b)
Z(a+1) x2(b+1)



9. Examples of Factor Rings
(1) Canonical Homomorphism
Let T be an ideal of R
m:R— R/,

ar—at+T

T is an onfo homomovphism with kevm=T
Proof:
homomovphism,: ¥ a,béeR
xlat+h) = @+b)+L = @+I)+(b+1) = x(a) + x(b)
xlaxb) = axb)+L = @+I)x (b+41) = x(a) x 7(b)
onto’ Va+LeR/r, FaeR st r(a)=a+I

Note: O element of R/T, is 04T =1

ackern & nla)=1 & a4I=1I
& el

Tkeve{—ove kev n=T

(2) Divect Product Rin7

Desinition Cartesian Product
Let R,S$ be v?ngs. Define
R#S§ ={(v,5): veR ses}

Define addition and maltiplication
addition: (v,6) + (+, §') = (v41' s4s') € RxS
ml’cirhcajcioni (Y.S) X ('1',5') = (YY', JS')




Let R and § be ings. Then
(RxS, +,%) is a 'r?ny with addition and MuHiPlica{'ion defined above

aim; TERxS ) T=5(0,8) is an ideal §
1) (0,0) €T
i) (0,6) +(0,¢')=(0,64') € 1
) (0,5) x (a,b) = (0,5b) €T

Claim: Rx%?-' R

Define map
o« - Rx§ —> R
(v,s) k= 1

hQMOMOYPM,i o« ((1,8)(¥,s") = a( (7, s5'))

= y1
= a((v,8))a((7s")
onko: VreR, 3 (v,0) €RxS .t

£((1,0) = ¥

(v,6) ke &= al(1,5)) =0
& v=0
&E (15)=(0,9)
Coution Let R be any ring and T<R, be any ideal
Tn geneml, it 15 not Evue then

(K/I) xT 7{—1 R



R=Z , I=27
55@%:4:mum

Then (Z,%2) % Z

Juppose ac (Z,42Z), at0
Obsevve

(1], 0)ez, x22z = ([1],0)+([1], 0) = ([0] 0)
Thevefore a+a=0
if 3 an isomorphism, o&: Z,x2Z —Z
ala)eZ  4(a)40
dlata) =o(a) +a(a) =0 4

(3) Let
Tz(ﬂ)-:((% E) a,b,CélR'S



10. Binomial Theorem

Let R be any 1ing Then in geneval Z < R

In particalar for 262 and 1€R, we do nat know (5e{) what is 2.
T€R, 2v=1+Y

We can still define 2.v V2eZ VYveR "b7 hand’

Case 1: YveR, if 2=0, 0-v=0¢€R

Case2: 26,y Y= Y4+ 4y 1= 27

(ase 8- 2eZ,,,(-2)70 => (-2)veR

case 2
-2(1) = 2(-a) = (-a) + - 4 (-a) = -(2a)
21 = -(-27)
Exam,gle'- -2Y =-9-7 = ('Z)V .-.(-Zv)

For any 2weZ and a,beR
1) (2+w)a= 2a +wa
i) Gu)a = 2(wa)
i) 2(atb) = 2a + 2b
wv) (2a)(wb) = &w) (ab)
Proof:
By divect vevification using new mulkiplicabion 1ule
X:ZxK —R
x: (2,a) — 2a
i) 1)2<0, 0(atb) =0 = 0+ 0b =040=0eR
2) 2¢2,, 2(ath) = (atb) + -+ (ath)

At ---$a +b++b Abel}an

2

'l
Zo. +2b

4]



3) z2ed,y: B\] the -fach that -(wtv) = () 4 (-v) in an Abelian group

2(a4b) = -((-2)(a+b)) = -(-(2a) + (-(2b) = 2a + 2b

2(a+b) = - ((a+h) +----+ (a+b)) ~a--a +(-b---b)
. -& -&
wil - (ath)---(ath)
RTATO) IR AT B AL
T T 1 z
z

v 'f?n9 homomovPL':swL', ol R—
«(za) = 2d(a) Vz2eZ YaeR

Proof: P'roo{- IS & Consequence of G'rouP Tkeon’

Binomial Theovem,

Fov any neN

(h’): n! , k=0,1,..n
K/ (n-k)Ig!

Binomial Theovem

Let R be any commutakive ving.
Leb a,b€R and nelN. Put a'b’=a" and a’b'=b" Then

n
(a4 b) = Z( 'E) N b
K=0
Proof.: (By induckion)

Base case: n=1

(a+b)1= a4b = ab’ +ab = (1) aib°+ (1)a051 sath
0 1



Laductive ‘\jfmtkeib: JuPPOCC P-rope'{{, true ]‘o'r neN

(a4b) = Zn_(:) a0

k=0
Lnduckive skep: Shoving that YneN Pla) = plan)

n

(a+b)nH= (a+b)(a+b)n: (a+b)Z_ (:) N

k=0
n n
n\ n4l-K x n\ n-K k¥l
—Z (K)a b+§ (l)a b
k=0 K=0

we wsed ui'ua“f«’ ab=ba.

n -k K n-| K
_ (a)a"+lbo+ Z(z)an{-l kb ( ) n- KH
K=| 0

+

K=
+( )ao BAH
A
shifting index ( ) Y +Z__( ) My :_ (:\) e (ka=k)
) ab

)
(G103 ()

Hence we 9e{'

0
a-}b) (n | a’\H 0+ Z '\H nH k K (Ml\a bM—l

N4\

ntl

= (a4h)'= (") o

Qa
k=0 K u



1 1. Characteristics of Rings and Fields
Let R be any v?ny with identity 1€R. Then consider the ubcet
c={z1:zezi=1{.. -(1),-1,0,1,2:1 3.1 -]}
List might have Tepeabs. For example R=2Z,
¢={[o], 1]}
4 R=Rov O = (=2

Let R be any ving with idenm’ 1¢R
C<R isa meﬁng
Pro:
1) 0ecC
V21 01 uheve 2,0eZ
) (1) = (-2)1e¢
i) 214wl =(24u0)1eC
W) (21)(w)= (2u)(11)= (20)(1) € C

Chavactevistics

Definition
Let R be an ?n{fey'rd domain. The chavactervistic of R is
TR g ovd 1 in C if this order is finite
0 if 0vdl =0
Meaning ovd 1 %n C s an addibive group

EXamPles of Chavackeristics
1UR=2Z ; (=27
ovd 1 = ovg l=00 = chavZ=0
¢



JEMZIMI;’ charR=07 chavC=0, char Q=0
sz;—hmeJﬂ=:o%M=mﬁﬂwgmq
i u .
[1] [0]

char Z, = 2

Let R be an 'mkeﬂ'ral domain (1€R). Then
chav R=0 or charR=p, p is prime

Proof
Consider C={21: 26271 an additive group
00 = (harR=0
oval 1-=

Some natuval number
JSuppose ovdcl=Mr\ where mneN (not Pv?me).
We will get a contvadiction. By defn of order
0=(mn)1=(m1)(nl) = ml=0 or n1=0 a5 R i an inkejml domain
m_ii ml=0 = 1....1=0

m $imes

By definition of order, the minmam number of times k=mn

L4Lt41 =0
k +$imes

is mn. But ord(1)=mn and r\é'\%
C
But ové1=mn and m<mn == m=mn
= n:=1
Jim}larl«’ we 5& n1=-0 = n=mn
= m=1

This means ovdcl cannot be -famtoﬁzeal as mn unless m=1 or n=1

= ord 1 is prime




Now let 2¢Z and beR. By wsing (za) (wb) = (2w) (ab) with a=1€R , w=1eZ
(21)b= (21)(1b) = 2(1b) = 2}
Let b#0, chavR=0, then
zb=0 & (21)b=0 & 21:0 & 220
Lt chatR=p, then
2b=0 & (21)b =0 & 21=0 & plz

Important Technigne
Tn some mothematical proofs have this mathematical shructure
We need 4o show =0
Typically we prove that kg=0 for some keZ and K#0
Suppose Hhat kep
e, durfep
field
We get
pg=0 & (p1)g=0
Pevsonal Explanation
R be any in’cejva\ domain, , 1¢R
(R, +) s on Abelian growp
pi { ovd (1)

°0 i ovd(1) =

01d(1) s the order of element 1¢R a5 an additive gloup
ovd(1)=n s fhe least neN ot 1\-1=0t\

ord(1) =00 if n1£0 YN idenHJn’ of qroup (R, +)
similor 4o o':e (6,%)




1 2. Rings of Polynomials

Let R be any commuabive ving with Tentity LeR 140
Let & be o formal Sjmbol (x¢R)
A polynomial i % over R s a formol expression
f=0,+0,x + 00X
where neN’= NUS0Y and ay,..., a0 €R.
a; is the co-efficient of «
Conventions
(a) 2% 1 and at=x
(b) We can miss terms ax.' with a:=0 (0 coefficient)
For_example * 1 + QerZat = [4+2x
(¢) We gbbreviate 1x'=x’
(4) A polynomial of form, ax’ = ol=a s called a constant polynomal
(¢) Consider 2 Pol‘]nomials
f=a,taxt ---+anoc'l
3=bo+ byx + - + b
When m=n: -f=j (—;\' G,5by, @,=b, -, an=by
When nom, apply convention (b)
qeby b+ bt 4t bl T+ 0L 4 0o
= by =0, by=0
Jimilar for nom,. Then for equality, we have
i m2n {:7 & dy=b,, 8,=b,, - 6,=by, by, == b =0
if men 129 & ay=hy, 0,=b,, - apzby, 6, = 20420



R?n7 of Pol‘jnom?als

Definition
Let R be any commutative 'fin7 with ?Jen’c?h’ 1¢R,140

Denote the set of all pol.jnmials ovey R b|1
Rlx]

Define addition and multiplication
Addition: (+)
Y £,9¢R[x]
f=Gptax+-+4 an’

mneN’
g byt bt oAbt

1 +3= CGtcx +:-4 6111 ) II:mx{n.n’l

art+b; i 1<min{mnd
¢={ @& i+ mKidn
bs i n<iam (co=aytb,)

Bﬂ convention (e), assame n=m_T{ min, then append 0 terms to the “(horter po\u,nmiai
{’rg = (a,,+bo)ato+ (a,’rb‘)xl +-4 (a,ﬁb,dx'\

[!!u!ﬂgl?gﬂ:]oﬂf (x)

$39.= (agtax + - 4onal) X (bbb b 4b08') = dyHdt 4 dyy ™

"

wheve for 0<k¢min

dK:Z_a?bj

i+j=kK

Note that
-fX3 < (aox°+ a|xl+ +an£\)(bod.o+ b,&l-}i'h'\&n)

= oobo:x,o + (aob,ir a,bo)L‘.} e} a,\b,\x"m



Ring of Poh,nom?als
Let R be any commutabive 'f?n7 with identity 1¢R,1%0

Hien (R[], 4, %)

15 a commubabive fing vith an 'udenhh,.

Proof: Fill later

The zevo and 'nden{?l-? of Rlx] 7s
1) Zevo: 0 polujnom'ml 20 = 0x°= 0.
i) Tdenkity: Constant polynomial £=1= 1%
Prood:
DConsider §=0-a"=01=0
This is the 2ero element of R[x]
For any 9€R[1]

dy= Za b; = 0b, =0 as {=0 ]aolﬂnomirﬂl L feym
i

itk
=0 0¢R

= 0.9 0x't ok Ox = 0
ﬁ)éinﬂad«, 3‘=1-oc°=1=1-1 15 the Tden’c'&-j element of R[]
For any g€ R(JL],

dy= Za bj = 1b,  1=0 as =1 PolvjnomioL 1 term

=b, 0¢R



Degree of a Polx]nom?al

Let 40, feRlx] a non-zero Po‘ﬂnow\?al. Then for gome n20,
$=a,tax +---4 ap

where atleast one of the coefficients is 0

B«’ convention (b) anf0.

Definition Degtee of Polt}nom?al
Let 40, feRlx] a non-zero polﬂnovdal.
Fz0pt a2t +a,\1"
With a4#0. Then dejvee of Pol‘,nom’ud 5
deg(—f)ﬂ\

Let R be an 'méey’ml domain
Then Rl s an Inkejml domain, i.e. V{,géR[i]\(O}
£9£0 and degltg) = deq(f) + deglg)
Proof:

B‘J definition, R is a commutative v‘mﬂ with idcnhlnj such +hat 20R={0f.
By above proposition, Rlx] is a commatabive ving with identiby 1
Let §,qeRlx]\{ol. Then

f=a,44anx  and gz by t-4 b X
wvhere 8,£0 and by #0. Heve

n=deq{ and m=deg 9

By definiti
y definition +3=aob°+---+anbﬂlnm

0040 and by,#0 = apby $0 since Risan ID, 2p(R) = {0}
I{ aabm=0 = an=0 0r by=0y == Gqb, ¥ 0
Therefore $x9%0 and deg({9)=n+w\= deg(-f) 4 deg(q)




T4 also follows that ZD(R[*D’-(O’) = Rlx] ¥ an 1n’ce9m| domain.
Non-Exaw\pk

Theorem, fails #f R is NoT an 'mJ'ej'ral domain.
Consider R=2/4Z , [2]¢R and [2]4[2]=[4]=0

g=0]142)x degf=1

£= (014[21(D] 421x) = 14[4dx +[4]i = [1]
o\cg-j}: 0#2=deqt +degf

Moreovey

feu(R[x]). Bt 4R = £4u(R)

Juppase R 15 an ’inhy'ml domain

Then units are

U(R[2]) = u(r)
Pf_oo.F
(2): Take ony a¢ U(R). Then o has an inverse, say b such that
ab=ba=1
But beth a and b ave constant polynomials. So
0(R) € u(R[x])
(<) T prove V(R[x]) € u(R), +ake any f € u([R]).
Hence 39€K[1] st {9=110 = £40, 9t0 R[%] is an sdeal
0= dej}g = degf + de”
= dejf=de75=0
= § is constank pol7nomial
= feR¢ R[x] and Hjck g -f?=i
= fevlr)



13. Division Algorithm for Polynomials
Let F be any field. Jo F is a commutative ving with identity 1, u(F) = F\{o}

Let R=F be any field. Let {,jéF[x] where 90
Then 7 um?ziue q,7¢ F[J-] such +hal v=0 ov 1#0

=997 dej('f)<de?9

Proog:
1) Proof of existence
A)Tf deg q=0, then gsa conshant polynomial 940
Ne know +hat U(F) = F\§0Y = 3 5" another constant polynomial and
f= (3-'9)1( =3(3-'-f) = 9940
fls]
b)JuPPose de”:m?O. Let L'-#f—gf-geF[x”
i) Suppose 0eL Then, 3qeFlx] st £-99:0 & 29940

ﬁ)Juwose 0dL. Then m'ﬂ\fdegd%fl.;i'—'l(

Pick any g=vel such +hat degt=K

Then 1=f-4q, for some (téF[l-] = 1294 +7

La140. Need 4o show that degv<deg g

Write g=byt bt cdbd " for some meZ,o , assume bat0
Y=(, +c,x+---+ckxl where ¢ 10

Suppose k2m, and 3e+ a contradiction. Consider

-1 K-
ckb,,\'.x "eFlx] deqrees <k

&L

Consider J='f-ckb,,;' 1.“""9 = - (g b;\', .)I.K-M'(b° bt b,,\x"')

Then either §=0 or §40. Bub

cance|

de, sCk o



A contradickion: 0 ¢L
TeL = Y=f-99 for Jome g¢ Flx]
L 95=¥- clb,;'x""“j = 94 - & b;'x"'"‘j
= f- (ﬂ“x - )35/,
But 0¢L 50 540, vemains deqs<k and Sel, bat K s minimal coon;rrzdlcls dedn
This means that k2m not possible == kem,

/ ‘\d
de,v esﬂ

2) Uaigueness
uppose £=94+Y  where ¥<0 o (v40 and deq ¥ < deg 9)
f=9g 47 wheve ¥'<0 or (140 and deg 1< de”’)

Let s show that +hen v=7' and q=q'

O=\%+v-‘%’-v' & Y-T'r-j(q—qf)
Suppuse that 1-v£0. Then deq (v-x') < deg g

1) 120, 140 dej(v'-r) = dej('T) <deg g

i) v=0,1'10 deg (v-v)= deg(v')( deg g

i) 140, ¥50  deglrv) & max{degy, deg'] < degg
deg 97 deghtr)= deg(a(a-¢)) = deg g + deg(g-¢') X

vi
0

So 1er=0 & vy
Then 3(1-@')=0. But Fis o field = Fis an 1n¥e7'ra| domain
Then F[J-] has onpevhj 20(F[x])= {017
N
Jo 9?0(01, q,)—0‘=)rL =0 & g=¢ -



Examrle of a field F
F=Z[pZ where pisa prime number (pe 2)
(am: Fis afield, F={[o] [1], -, [p-1]}
* Fis commutative
ol identity
* Fis finite, commubative ving
u(F)= F\{o} & 20(F) = {of
Take any class [K] which is a 2evo- divisor in 2/2
K= 0,1, p-1 3 L=0)1, - p-1
[k][1] =[0] & k4= pm for some m= 01,2, -
KL= 0,p,2p, i K M<p X
kKf= 0 inZ
Jo ks a zevo divisor Tff k=0
Example of Division, Algoridhuy
F=2/52
f= 014 [o]o + 2] 4 [4]
[ [2] + 1]
Solve £ =g 4v, where either 10, Y$0 aeg(v)ue”:z
Step 1: 5= degf = deg(gq 1) => deqlgg)=5
= dej(‘L)+o\e3(3)=5
= deg(1)=3
q:ax3+b;;2+cx td  wheve abc,de Z/52
Y= UK 4V where wve Z/52 )



Skep 2: [']m5+[3]1,4+[7~]x2+ [4]= ([2]<+ ['])(acacsaL b bcx +d) 4 ux+v
=[2]ax5+ [1] bt 4 (a+ [116)13 + ( b+[1]d)x2 + (H—u)x

Fah)a'

dlep 3 Equating co-efficients

) []:[2]a [3]=a az[3]

i) [st]b x[s] | [4]=b b=[b]

i) [o]= [o]= [3]atc ¢=[1]

W [2]= b [] [1]=[3]b+d a=[4]

O [o]=c4n [o]= ctu w=[4]

W [4]= d4v [4]= dtu [v]= (0]
Obsevve

[21[3]= [1] => [2]=[]



14. Polynomial Functions

Let R be any commutative 'r?nﬂ with Menl’?’n] 1€R.
Let veR range over R and {ék[i]. Then,
f200C tax 4 tan, where nemNvfoh
45,81, 4n€R afe coefficient and X only a formal symbol
Define polynomial function, F(r) with values in R by

f('f)=aol+a,1+ az'{2+ cotagr" VR

el SN
1} n u

Q, R ayry
m

R
Then we have a corvespondence
RIx] = { polynondal functions}
§ 4G
Rematk: # R=R, €, Hhis covrespondence is 1-1
1) = 9lr) = F2q  equality of polynomials
= fr ) 12
NOT true for an orbitrary 1ing or a field
Non- Example:
R=2/[22 = {[0], [1]]
0t1
Take f=[4x

9° [114 x4 4 [0)s 42" } 1£9 a5 elements o Rlx)

Fof(0): 4(lo]) =[], £([1])=[0]
g 9() g([0]) =[], 4([1])=[o]

= $(1)= 9(r) Yrer



15. Principal ldeal Domain

Let R be any commutalive '{?nj vith an Hem‘i’r’ 1

Let R be any commutative ving with 1eR
i) For any given aeR, consider +the set
aR={av[veR]
Then aR is an ideal containing aR

1) aR i the smallest fdeal containing a
Proof:
) o) 0=a0€¢R

b) ar+as = alris) eak

¢) -ay =al-v)ear

3 ars= aly) ok
R
azaleak

i) Take any ideal T<R Com‘a'm?ng the given, aeR
We need fo show aR<T
We know YaeT, VreR, arel = aR<T

Definition, Principal fdeal
The ideal
afk={ar:veRy

is called principal ideal (9enem?ed element aeR)

Examples of Pvinofpol ideals
1) {0} i a pﬁnc?Pal Tdeal of any ¥ing R
foi={orlverh - oeR



2) Fr R=Z, nZ % a principal deal for any neN . genetated by a=n.

Pf?nc?pal Tdeal Domain

Definition Principal Tdeal Domain

A principal ideal domain (91D) ¥ an infegral domain (TD) where evety ideal T¢ principal

The ving Z is a principal 1deal domain
Proof:
We know that Z is an, TD. We need +o show that every ideal of Z T principal
(1) {04 €Z s principal o5 in example (1) above
(2) Let s #{0} be any non-2ero ideal of Z. We find neN such fhat
§=nZ
Take any a0, ac§ = -a€S  hence SANF P,
Let n be +he minimal nadwrol number in, & (n>0)
n=min{ses [5507 e
(<): Showing nZ <
Obsevve by property of ideals
nzel YVzed = nZ<S
(2): Remain 4o prove nZ 25. Take any weS€Z. Then
w=ng + 7 where 041N
=2 Y=u-ng, ; where weS and ng e property of fdeals
it 120 and vzu-ng <n €S, we contradict minimality of n
= ¥=0
= wenZ



Let F be any field. Then the ving
Fla]

is a pv?nc‘:pal ideal domain

We a‘m;d, know that Flx] i an 'u\Jrej'ml domain. Need 4o show every ideal of Flsd %
principal.

(1) fo) € Flx] % principal
(2) Juppose T# {0l i any non-zero ideal of F[*].
Let geT be guch that 940 and deg g is mininal for all elements of T.
We will show
1- jF[x]
(2): By definikion of idedl,
gFl<] <1 (9feT vgeFls))
(<) Juppose fe L. By divigion algorﬂhw\ for F [+]
f=9q +7  gve Flal 720 or 140
deg (v) ¢ deg(j)

=) Y=1-99 , {,99¢I
= eI closwe of ideal undev +
Ae9(1)<dej(q)e T contvadicks n?n?mm’ of deg(o)
= 1=0
= feqfld]
= 1¢gF[a]



Genevators
aD ={ad:4¢D]
To 9enc1a4e Y)
azand for Some weD == wd=1

= Wi awmt



16. Divisibility of Integral Domains
Let D denote 1n4e71al domain

1) D is commutodive
11) 1¢D
i) 20(p) = {o}
For esample, D=2, zlrg I', £ Flx, Fagild
Squave -{ree
Divisibiliy
Definition
We Jay thet beD divides aeD if

azbc  for some ceD
denoted bla
For example if b=0,4hen, a=0c=0 = b=0 divides only a=0
Remark: Let be (). Then YaeD, we have
a=al= alb'h) = (ab;\')b

(7

Ia paH?c«lav, it D=F s a field and b$0, then, beU(F)
=> 6o all non-2evo elements of a field divide evers element
Iﬂedudbilijry and Prime

Definition

azbc = be (D) or ce0(D)
i An element peD s prime i pH0, pé{U(D) and 1§ for some a,beD
plab = pla ov plb
i) Elemends 0,beD are associates if a=bu=ub for some ue U(D)

We write avb

i) An element aeD is ivreducible it a0, a¢u(D) and i for any byceD,




Example
D=2, Recall U(Z)={11,-1}
iii) anb in Z & lal =[]
i) An clement peZ is prime & p#0), p?1,-1 ond
plab => pla o plb
But plab & [pl|lal bl
Then pla or plo = [plllal ov [pl]]bl
S lpl is prime numbey
peZ is ‘prime’ element & [pl is a prime number
| By degn, ae2 s imeducible if 240, a?1,-1 and i}
azbc for Some b,ceZ
= b=t| or ¢zt
a=be = lal=lbc]= lollc] = lal s a prime number again
For D=2, {inveducible elements) = { prime element )
(The equality does ot hold in geneval)
Non- Example
D=2[{3]: d=-3

a=2 ireducible, not prime

Let D be any 7n’rc9m| domain.

It peD is prime = p is ineducible

Prood:
Let peD be prime. o p#0, pé u() by defini$ion
Suppose p=be. Then p=1-b¢ = Plbc,

= plb or P‘c



Case L: plb = bepd for ome deD
p$0, D is an ID, MZD(D)
= p=be =(pd)c = y(dc) Cancellation, property
= 1:=4¢ = cey(D)
Gase 22 ple=> beuld)
Jo p is irreducible
Remarks/ Important facks
(1) Tf aeD is ireducible and a=bc, then anb o a~c
(2) If peD is prime and
olara
for a,,--,0,€D, then
pla; for Jome index 147<n
In parbicular YaeD
p|a“‘ = p|a
(3) If bla and acU(D) +hen a=be so that 1= blca™) = beu(d)

i) The velakion ~ is an equivalence velation. on, D
o D gplits into a dis\'}oin{' waion of e1uiva|ence classes velative 4o ~
11) Equivalence clastes of 0 and Lin D are vespeckively {07 and (D)
Proof: |
1) Reflexive: Y €D, a=a.1 => a~a
Symmetry: Va,beD, anb => a=bu uev (v)
= b=an , w'ev(d)
= b~a
Transitive: Va,bic €D, anb and bve =2 a=bu, b=cv, ue U(D)
= a= c(vu)

| uveU



= e~
i) 0~0 (Ye{\exive) = 0¢[o]
an0 = az0u, uec V(D)
= a=0
= [o] = {of
avl = a=1u=zu, ueu(d)
= aey(d)
= [1] cu(d)
vel(d) = v=1v =D va1 = v(ol ¢ [1]

|

} = [1]= v(p)

Example

D=2, then Z=€07; L\(-1,+\7, u(z,-z'} L_H’J,-g} L)
U
equivalence clagses in, 2

Remarks/ Important facts: continued
(4) T+ bla and alb = acb
hook.:
alb = a=zbc for some ced
bla = b=ad for some bed
Then
0l =a=bc=ade
T 0:0 = b=0 = anb
T{ a40 = aen2D(D) (since D is an ?m‘ej\(al domain)
= de=1  concellation properky
= ¢, deu(d)
= a~b



(S)I{ P4.€D ave primes and pltL = prvg
phoof:
pla = g4=g1=pr for some 1¢D
=> qlpr
= qlp or glv Since g prime
4lt = v=q5 for some €D
q=pr =pgs=qps => 1=ps by cancellation propery
= peU(D)%
Hence glp and peg by (%) above
(6) D is an inh:?m‘ domain , a«,a',b.b’eD, a~a beb
olb & allb
(#) peD prime and pvg => ¢, is prime
phoof:
peD is prime => p#0 and p¢u(D)
pvg = 440, 44 (D) by Lemma page 54(i)
Suppose qab => plab by (s)
= pla or plb
= qla or glb

(8) aeD ineducible, avbeD => b is ineducible
_phoof: a€D inveducible => a40; acu(D)
avb => b40, b¢ U(D) by defn
a<bu for some wey(D)
Juppose bzcd for dome ¢)deD
a<bnz=(cd)n= c(dw)
a irreducible => ce(d) ov dueu(d)



Case 1 due U(D) heve
d=Uu)w'eud) = devd)
Hence ceU(D) or deU(d) = b ivreducible

Let D be a principal ideal domain
ped is ineducible & pis prime
M:
We have alveady proven for any ID, p prime = p imeducible
Now let peD be irmeducible. Then p is prime.
We a‘veaJnj have p$0, p¢ u(d). Juwose p[bc for yome b,ceD
(need 4o shou pla or plb)
Now be=pa fov jome aed
Considev principal ideals pD, bD €D. Then consider ideal
pD+bD= {sphth: y,teD)
Sum of ideals ate ideals. D is a PID = pD+bD is principal
pD+bD=dD  for Jome déD
Then p= pl+ b0 ¢ dD
b= po+ b1 ¢ dD
In particlar dlp = p=dq for some geD
pis prime = p i irreducible
= ce((0) or geuld)
Case 1: g 16 aunit = p~d and dlb
= olb by vemark (6)
(ase 2: d s a unit.
deépD+bD = d=gpttb for some 4t €D



¢=lc=dd'c = (SP Hb)d'c < de-,c Fibd = de—‘c 4 £Pad_'
= P(Jd—lo 4 ’md-‘)

—

ple

Wnigue Factorization Theovem
Now lets have ome aeD and +ry 4o factorize
A=p -, where each p €D, prime
Unigue Fackorization, Theovem
Let D be any 'mlrejfal domain,
Let aeD,
a=p - pm=9,Ga MNEN, p q.€D prime
Then, m=n and one can reariange 4, -4, Jo +hot
p~g; Vislm
Hence a decomposl-hm of aeD a5 a product of primes is
Proof: (bt, induction, on m):
Base case-m=1
Juppose then, azp = q,---qq
p, prime = p, irreducible C
= a- =9,-q, ineducible -(1,_ ‘ln .)
Suppose n71. Here
Gn prime = ”U(D)

Then, 4, G, €D is & wait And go JveD st
-
%_ ...... ‘in-u“i ﬁ q'i ‘12‘ 1"" , Qvl\-lz qﬂ.....qm'zv
— 91 q’nqé (D) closuve, group +he017

= 4qis (LM 5 prime and M]k’&
Hencc n= i, a,:P,:cLl



Inductive step: Juppose m21 and P(m) holds for m- instead of m.
Let a:(Pl)( """ P"\)'-' 9, " 4a whete each. factor py,q; is prime
=> pl4y - qn and g prime
By vemark (2), p, divides otleast one of +he factors
qi.....q"‘ , IC
Pil 4; ot some index
87 reananging 4,4, ossume

Pg_lcli
87 Temark (5) +hen P9, &= Py~ 9, fov some aey (D)

PP P P %% O -

$o p,# 0 = p,20(D)=fo}. By cancellation property
= popye () 4,8

R » V\’.'" (O
prime prve prime

Wg,, prime by vemark (3).
By induckion assumption, m-1=n-1 == mz=n,
87 '{eavranyinﬂ WGy, Ggi 1 Gm, We Con make them, associated to - pg, vesyecl—ivel7
PR TR ¢!
43P

40" Pn
Pj_N qq“ ~qrj_



Remark: Let D be any 7'\|'e7m| domain and aeD be ivveducible, not prime

Then a does NOT decompose into prime factors

Proof: (contradickion):
Suppose a=pq, pigeD; prime
p prime = pd 0(D) =3 4euld)  primes imeducible
= avp = ais Pvime,)zg ( Remarh)

Move Exaﬂlples

1)



17 Examples of irreducible elements

Let JGZ\(H be Jquare free

d#0
* 31=fasbfdla be2}

is @ subring of € with the identity
1+0/d
Usual + and x operations on 2(f]
(a4 60d) + (c4efa) = (asc) + (b4e)d
(a46fd) x (ctefd) = (ac + bed) 4 ( ae+bc)ﬂ

2[(a] s an in’rejml domain
Proog: D=2Z[(d]
1) D s commutative
2) D5 1= 140i= 1¢0/d
3) 20(p) € 2p(¢) = fo}
(o

Norm_

Definition,
The novrm on D=Z[H] 15 +he ,(umcﬁon,
N: 2[fa] — N°= Nu{o]
N(atbd) = | -db] 20

Remar ks

(o) n(atba) =[(atbia) (a- b8

(b) I¢ 4<0, then N(atbfd) = o-db 20

d
d
v
0



(;) Ar\’ 2¢Z11d] has a unigue - presentation,
2=atb{d  for dome abeZ (4]
o oay definition, of N is covvect
(W n(2)=0 & 2:(
(i) N(zw) =n()N(w)  Yz2wez[fd]
(i) 2ev(2[@)) & NG)<t
Proog:
)Lt atbld=creld for  a,biec

Then, (a-c)=(e-b)ﬁ = (a\-/c)z= (cv-b)zd #0
0 0

Suppose etb, we know thet d10, d>0 4o avoid contradickion,
470 and 41 = d21e2
= d has & prime factor in Z,,
= pl(a-c)”
= p[(o\-c)
Jo p occurs ab LHS |#] even number of +imes and odd number of times in, RHS
Thevefore e=b = a=c
1) Let 2=atbia. By wing Remork (4] and () of our proposifion, we have
N(z2)=0 & la-db'l=0 & [(atbfd)(a-bid)l =0
& (a4bfd)(a-b{d) =0 & atbld =0 or a-bd =0
& a:zb=0 & 2=0
i) 2=a+b{d  w=cteld, a,bceeZ
N(zw) = N((a+bfd) (c+efd))
= N((ac + bed) + (b +ac)d)
= [ (ac ¢ bed)- d(be +ae) |



=lac + 2ached + b'ed+ dbc - 2beaed - daé |
=|dc 4 be'd - db<' - dae’ |
=|(a-db) (¢-dé)]
=|d-db | x|J-dé*l
= N(2) N(w)
) ze U(Z[ﬁ]),’rkev\ 2w=1 for some we ] Then b’ (i)
1=n(1) = N(zw) = N(2) N (o)
= N(2)=1 and nlw)=1 Comiersely, et 2=a+bd with a/be2

N(z)=1 = [a-dt']=1 = [(atbfa)(a-b/a) =1
= (a+b/2)(t(a-b/d))=1
= z2¢u(2[f4])

Let deZ\{o1) be squave free (can have d=-1, i={1)
The wnids of 2[@] ave:
il b b=l
W) 1,1 i det
i) 1,-1 and infinibely many others if d7 1
Proof:
i) Let d=-1. Then, 2=atbi, a,beZ
By (iv) above, 2¢0(21[i]) & w(z)=1
E db=1
& (a,0) = (1,0), (-1,0), (o)1), (0)-2)
S unbs ave 11 gnd ti
i) d<-1:
Then, Z=atbfd € C | but a,beZ



By (iv) above, 2e0(Z[@]) & nz)=1 & 1=0-db 20

Lea-db =D b0, sl & 2:1,-1
i 2
il do1.
Then 1,-1€ U(Z[(3]). Further z=atbld, abeZ
2eU(2[G]) & ld-db |1

& has dolutions (a,b)F (21,0) by Numbey ﬂ\eov?

— Z=at+bld qlso has 22,23,

Cons+mc’rin9 our Example

Considey vinﬂ Z[FJJ, d=-3. Iy z=a4bl3 € 2[[3]
2=a4b(3 => N(2) = £43b°#2

Now Juppose

weZ 3] such that N(H)=4

W is irveducible
Proog:
Tndeed N(W) #0,1 = w40, wq u(z[3])
Now yuppose w=aty for some 1,,52[@]
By (ii1) of owr proposition,
Wty = 4=N(N)=N(lg)
= 4 =NS|1) N(y)

= 4: 41:1[':M
= Nlx) =1, I\l(',)=4 oY N(1)=4, N(!,)=1
=> xe0(ZIF3]) o yeU(ZN'_ﬂ)

x5 a wnit ov tjis a unif

ave distinet unifs



§o w15 ireducible by definidion
N(w) <4 & uis ineducible
Now consider
wzl+{3 N(1+{3) = 4
w=|-F3 N(I-FJ)=4

w=2+0f3=2  N(2)= 4

all fvreducible
Now, 4 eZ[{3]
4 =2x2=(1-13) (1+/3)
unids of Z[13] are
u(2[-1]) = {-1,1]

Thus
291+3 and 29 14{3

Does NoT contradict factorization, theovem since 14{3, -3 , 2 are NOT prime
paoot: (by contradiction)
Juppose (Hﬁ) is prime.
(14B) 4 =222 = (4B)12 defn of prime

= 2:=(1)2  for some 2eZ[F]
=> 4=N(2)= n(1+3) N(2)
= 4=4N(2)
= N(z)=1
= 2eu(@)={1,-4) = 2-1,-1
= 2z aunt %

Jimilay for other elements



18. Unique Factorisation Domains

Definttion
Let D be any inh?ml domain
Ds called a wnique factorization, domain, UFD if
i) Yaed\ {0} witk adu(D), then
azpyp,fm MmN and p; ireducible Yiz1,...m in D
1) Such a decomposition, of a is esSenJﬁa";, wnigue, that is if
®=PyPy P, Y195 " In
where all p; , i=1,,m and all q; with j=1,-;n ave irveducible in D, then, men.
We can +hen, velabel $he 4 9 hat

p~g; for each i=1,...m,

Reark: Tf all frreducibles in D are prime, then, ii) holds by wnique fachorization theorem
Example
(1) Rin9 Z 15 a VFD. Tndeed Z 15 an 1n’rejm| domain, with
u(z)={1,-1}
Lrreducibles in Z are prime numbers in the Sense of Number Tkeon, and also theiv neja’c'wcs.
Every 2¢Z\{0,1,-1) can be wikten as produck of these => (i) holds
All ivreducibler in, 2 are prime by ting H\eonj = (i) holds
(2) Ring ZIF3) s NoT & UFD because (i) il

h=2x2=(+83)(1-F3)
LI

ireducible, not associated



Let D be a UFD and peD
p ieducible &= p is prime
Proof:
We Know if D is any 'm"eam‘ domain, then,
p prime =2 p irveducible
We let D bea UFD and peD be any inveducible elements.
We let D bea UFD and peD be any inveducible elements.
Need to prove p is prime
p iveducible => p#0, pd U(D) and
p=ab => aeU(d) or beu(d)
Need 4o prove if Plab — Pia oY P“’
Juppose Pla'o
plab => pc=ab for some ceD

it az0 = pla
i b=0 = pla

Suppose 0,b#0. Then ab#0 (if abs0, ae20{0}=fo1, af0)
Hence c0.
T acU(p) = plb by vemavk ()
It beu(d) = pla bn] vemark (6)
Let a,bgu(D)
Claim: a,b€u(d) = c4uld)
proof:
it ceU(D). Then poab, where a,bd0(D), a,b40
By remark 8, ab is iweducible as on associate of p

Now let us apph’ UFD conditions 4o a and b



wheve all p, with i=1,..,m and 4 with j=1--n ave irreducible in D. Then
PC= b= Pypy PGy Gn
is a fackovization of pc as & factorizakion of min irreducible elements.

But also ¢ factovizes inbo & product of Trveducible elements. Due 4o (i), ¢ mast have exacjrh, min-|
irreducible factovs while

prp; fov Some ief1,-m) oy Py for fome Jé(i,")'\.‘l
{ J
Pla oY plb

=7 p prime by definition,

Let D be a principal ideal domain.
Disa PID = Disa wnigne factorization domain
Proof:
We know D 15 a PID. Then
p pime & p imeducible.
By urique fachvization theorem, any decomposition into a product of primes s essentially wnigue.
So park (ii) of defn of UFD is okay
1) proof by contvadiction
Juppose & 15 not a product of irreducibles
In pacticalar a s not a product of irreducibles. Jo
a=0,by aed\{0} , a,bqu(d)
as and by cannot be as a product of irreducibles
Suppose aq is not a prodact of irreducibles (”"""9)

ai'; azt)l d,db)_"lo’ Ay, bz4 U(D)
99

not product of irveducibles



Con‘ht\v&m), We 9e’c aq,by, 7, @1z @5, by, each a; s not a Prodac4 of treduci bles
Consider T:=a;D.
ince ;= a3y biyy = a3 €a;4D. Hence we have
Let
I- U a:D
€N

T aPiD.Ia pav%icu\af, we have

cecd=I=Ua:D
€N

cecD => Inelt, -, ) 6.t ceanD. Then
Ta=0nD€T=¢cD €a,sD
= T =a,D
b€ = Ggy€ad = Gnyy = Bn b for some beD. Hence

‘/n:a;m by = 9(,.bb,\H . aa40 éNZD
= 1=bbyy

= bM\GU(D) 6 unit

A contvadiction. Hence a isa product of irreducibles.



19. Prime ldeals

Definition Proper Ldeals

Let R be any ﬁn9

An ideal of R proper 1f I#R

Prime Tdeals

Definition, Prime Ideals
Let R be any ving
An tdeal P of o ving is prine if
i) Pis propet
‘.'u) Va,beR
ab€P = qeP ov be?

Examples of prime ideals
(1) ¢ R#f0} but 2D(R)={0), then {0} is prime
(i) v
(i) ab=0 = az0 or b=0
(2)R=Z and T be a non-zevo ideal of 2
Any ideal of Z has form T=nZ for some neN =N Ufo]
L is prime & n is prime
Aoof:
 n=0 => I=0Z={0) and we know Z0(2)={0}. &
n=0 = T is prime
* NeN,n21, nnot prime. Then
n=ab 1<a,b<n,
Then, n=n1eénZ = nda, ntb = afI=n2 and bfI=nZ



* NEN be prime, n=p71
Consider I=pZ, p prime. pick ony cepZ. Now
c=pz for some 262
For any abe”Z
abel = Plab = pla or plb

=) el or bel.
Pfore'r{ies of Prime Tdeals

(1)
Let P be any. proper idea| of R
Pis prime & ZD(K/P) = {0}

Proof:

Suppose P is prime.
Suppose (a+P)(b+P)= 04P => ab+P=04P
= abeP
= aeP ov beP P prime
= a+P=04P o7 biP-0+P
Suppose ZD(K/P)z{’O} . Suppose abeP

(a4P)(b+)= (abtP)= 0+P =>[ atP= 04P = aeP
= prime ideal
btP= 0+P = beP
(v2)
Let R be any commutative 171\7 with 1¢R
ideal P of R is prime & R/F % an ID
Proof:
) R commntative & axb=bxa

& (ab+p) =(ba+?)



= R/ p commutative
2) ZD(K/P) = {0} by above

1) Showing that L+P s dhe identid
(14P) (atP) = 10 4P = atP
Tf 1+I= 04T => 1el
= Prﬂw (N pvoyev)
(r3)
Let D be an ID. Then, YaeD
(i) aD={0}) & 4=0
('ﬁ) aD=D & ac¢ U(D)
(iii) aD s a non- 2¢vo prime ideals of D S a is prime
Proof:
i az0 => aD={o}
Contvapositive :
a$0) = a=4-1€¢aD since 1¢D
= ad#{0}
i) Juppose aD=D = x=zad for xeD=aD
In particalat 1 =ad for smed = a'is a wnit
= acu(p)
Suppose acU(D)
(€): xeaD => x=zad for some deD
=> xeD by closure on, ideals
(2): fuppose deD
de1.d = ala'd) e D
)



i) 8y (i), a0, by i) agu(d) & 0 #D (proper)
aD 1 prime & beea) = bead or cead
= bezdd = bzap of c=aq
S albe = alb or ale
& prime



20. Maximal ldeals

Let R be any ving
Maximal Tdeals

Definition Maxima| Tdeals
An ideal M of R s maxinal if
(i) m s proper, M£R
(i) For any tdeal TR
MeT¢R = T:=M or I=R

onpedies of Maximal Tdeals

(m1)
Let R be any commubative ving with 1€R. Let M be any ideal of K. Then
M maximal & Ry is a field
(m2)
Let Dbe o PID and T#§0Y be a non,- 2e1o $deal Then,
T Maxir/\,a‘ ST prime
(m3)
Let D be any ID. Then VaeD\ o}
i) I{ the ideal oD of D & maximal, then a is imeducible
i) Tf Disa PID and & fweduible, then ad <D is maximal
(my)

Let R be any commutative ting vith an Henl:?-l't? 1 and P be any ideal of R
P naxinal = P s prime



Example
Consider Z[x]. Then
i) Zlx] 15 4 UFD
i) 2[%] s not o PD
hoo+:
(i) Let T=22[x]
T=27[+]
1+J € 2[%] i an idedl
Claim: T+] 15 not principal , i-e.
T+3 ¢ $20x] ¥ fixed polynomiols Z[x]
Suppose T3 = 2[«]
1321 = 21:2:214x.0¢T4T =412
0£2 =19 for some 362[1]
de3(2)=0 =ae,v('+) +deg(9) = s constant , ££0

vI

0 0

x=x-1e¢J<T47 ‘-"fZ[J‘-] = lx:=fh for some hCZ[""]
= f=11  Ssince § is constont
= 1:=(21)(21) e£2[+]

.f
= I+5:=2[x] 51

odd )

has even, constant teym,

Hence T+J not P'v'mciya‘



Claim; T +J is maximal.
Take any po(,mmial FEIR+2R =D $:20,+ 0,1 #
=D £ s polynomials of even, constant ferms
Lf 143Sk s any bigger ideal, it contains odd constant ferm polynomial, oy
TR T

B’ closure of ideals
(2“ g%+ ) '(H-‘ tat ) =1ek = k:Z[x]

mn
[+J



21. Irreducible Polynomials
Let F be any field such as
Eg' F=R,C F=Z/pZ p prime
We know R=Flx] is o PID = R is an inkegral domain
Evewj ideal T of R has form, I=§R, {£K=F[1)

For any po|7nom'a\s {eF[“]
f is prime & {f is irreducible

?a" primes in, F [1]1) = {imduci”c n F ["”
Note'
£ is constant — =0 or {GU(F[JL])

J U
no degree deg(£) <0

Tvreducible Po|\’nm'|a‘$

Definition,
Take £€ Flx] uhich is ivreducible when
i) £40
ﬁ)f(U(F[l]) E ffacF onstant pol,nom':d
it F=9h for some f=3|\ o1 9,he Flx], then one of +he factors ave constant

g # cons¥ant

i-e. f=9k = ¢ or g 15 & non-2evo constant

(£ does not faclorise into non-constont ferms)




Lef feFlx] and degfeL. Then
§ i irreducible
Proof

Take $¢F[2] of degf=1. Then

f=axth, a§0, beF = ffconstant
Suppose {=a1+b=9k = deg(gk)= deg(ﬂ)dej(k)q
Either deg(g)=l, deg()=0 > h non-zers consh

deg(9)=0, dej(h)fl
9 non-2e10 Const

= {1 irreducible

let geFle] such that degf=2 ov 3
Then 4 is ineducible <= 4§ has no oot in F
(+@#0 YoeF )
Proof © both waus contrapositive
Suppose { has a voot. We will show § is not irveducible.
JacF st 4a)=0. Let us divide by (x-a) with a vemainder
{:(x-a)qﬂ whete 1=0 o1 140 but de,(f)ql

2en comst non- 2€70 Const

L
0=f(a)z 0g 4y =D yz0  Yiealomst

2,3=degt= de,(alt-u) tdegq =12 ‘ = s not irreducible

-

Suppose § i not irreducible. Need 4o prove § has a vool
So f=wv, w,v ate non-constant pol,nom?als

2,3 =de9 ({)= degf:»\) + dsa(v) == deg(M)Z 1 or deg(V)=1
\ |



Jupyose dejuti = M:CoHd, where ¢$0 = c'ieF
1‘=(C1+d)"= C(JHC-'O‘) = 1= c"d, then ¥ s & voot
Jimilay foi de? v=1

@ Consider the pv?ncipal ideal I= {-F[l]
Then, by (m)
I is prime & maxing by (1)
@Nou considet quo{:ienl fing
F[x]/I where  T=fFlx]
By (i9) F[x}/I s a field

(Iassi{icaf'uo.\ Theovem,

Let G be am’ finite -field.
(i) The mlfiylica{ive group u(6) =6\ {o s c(,clic

(i) Al finike fields G with the same number of elemends |61 are isomovphic as ingy

(i) The number (6] Pn for Some prime p, nel

(iv) For an prime P
Such that the {ie’d

there exists an ivreducible pol«,nm?al ffZ/PZ[X] of degree

(Z/PZ)[*]/I has Size Pﬁ and I=-f(2/p2) [x]

Let fe Flx] be ivveducible. Put I=-FF[-‘1]. Then,
F[“]/I is a field.
Moveovey, +he map
O:F—F [l]/I
a—a+T

15 o one-fo-one komoMor_pktSN\,. F= Iﬂle < D/.T_



Pvgoi-’
B, the onposhl?on (”3) ) I='FF[1] of F["] is maximal. Then, 57 'H\eoven\ (I’\l),

F[JL]/I 15 a field

homomovphisy” Proved in Factor Rings chapler
one-do -one’ Take any a,b€F such that 6(a) =6 (5)
0(a) = 6(b) & atIzptI
ES gopel = {F[x]
= a—b=,ty
Tf a-b #0
0 = deg(a-b)- deg(tg)= deg +denq > 0 o Since f ot conshont

@ a:b -

In pchu\M. GZZ/yZ —? (Z/pz)[l]A(Z/PZ)(‘)
% 21Im0=2/p 7

Example
Juppose that f=cx +d wheve ¢,d €F and ¢$0.
Then, § is irreducible by Lemma pq 80 and b, proposition Pg 31, +he factor fing

F[at]/” o) s a field

112

o F[a]/fF[x] F

Alread7 Shown, for I={F[~’L], the map
0:F— Flal, :arsa+I
4i
1s one-4o-one honomofpl\isw\.
Onto’ 37 division, alQoviH\W\, for F[l], we F[lj can be wriitten, a5
u:(cx+d)1 t v



wheve +the vemainder veF is constant

(cud)q' €T = wtl=v+1

Let neN and F be any field
Let € F[s] be an ireducible polynomial of degree n, deg(#)=n . Put T=fFls]

i) Then, the ving

F[x]/ £ Flx) is a vechor space
over the field F of dimension n, under the opevation
(wtT) 4 (v41) = (wiv) 41
ax(utI)=autT
V owve Flx] and acF
i) The veckoy space F[x]/T has a basi

Al

14T, 4T, -, A 4T

Proof (D:Flx], T-¢Flx])
(i) Let us make our set D/I a vector space over F
Vector space Stvucture
VaeF, Yuved (s T)+ (v#1) = (wtv)+ I
alut1) = autl

Rings asioms == vechor space axioms
(ii) Take amj we F[l] and divide § witha vemainder ¥
W=fq +1  wheve quM and eithey v=0 ot v=0 oy 7$0
deg(1)< deg £ = n
e

D/I Jutl= @H tT =v+L , hevev isa |meav cow\bma{non (sith coefficients from F)

"~ of 1,%,5, ;"
I-¢D



= (4 a Jpann7n7 set DfT
Y200t 0,044 00, X, gy By, Oy, gy €F
Since 0+I=1+1,
Flal/T={(at 044 agy™) + T €
=$a,(141) 4 a,(x4T)# -+ any(x 7 +1): 0seF]
= 14T, a4 T, o 4T gpan, FIR) /T
Findl«, need o prove that () is [inearly independent in, D/p
Juppose
0o(14T) # a,(x4T) # - 40, (x4 T) = 04T
S (a,141) 4 (ax4T) -4 (any4T) = 04T
E (apt aot o J4I:=T
ES (gt at -+ a,\_,xﬁ) ¢T=4F[x)
Hence
a,tax +---+a,\_‘x'.‘.'=fg Jov Some 9€F[3‘-]
Suppose this is 0

ny dej(do'{' ---+a,..,$"') 2 dej{- + dev” Zr\,&
i
0

I\
= oot tag X = 0
@ ao:a|=ag_="'=an-|=0

= ts linearly independent



22. Examples of Irreducible Polynomials
Let F be a field and {-GF[JLJ be ivreducible. Consider the field
Flel/T , T-¢F[x]

Let | X=o24I|. Then fov any 3=b.,+b,_x $ooe b.\oc"éF[-k], iks coset in, F[l]/T. C(Luals
)n

g(x) = b, +b(a4T) 4 4 by (asT
Examp'u
(UF=R and fcRlz]
frt 1 invedwible & $(a)$0  YacR
(Lemma 2)

New field rk[a]/( gl

14T, x4I=X s a basis
Any element of owr new field is
a(1+41) + blx+T) = a(14T) 4 bX
New field contoins R as a Jubv?n7
{a(1+I)zaeI|ael]
Further
2 ¢ 2 2
K= (041) = 04T = (F41)-14T =141
= «=-1 in, new field
We can define & ving isomorphism,
"new {ield“ —

a(14T) +bX — a+b;



(2) F=@ ; §=-2  iweducibles £8)#0 YaeQ

Consider 0-2=0 & a=3[2 ¢ Q. Jo iweducible in QL)

New field Q[x]/{qm has basis over € of 1+T, aLIJIrI | f;I
X X

JuPPose X, Ve Q[*]AQ[A , a,b€Q

Our addition, and'Mm'Hirhcn{:iom ave '@"'meav' | ’ y 3 € naw el
(a¥462)4 (a¥4b2') = aV+dY'+ b24b2 Yi2
(ar4b2)(aY'4b2) = ad ¥Y + abYZ' + ba' 27"+ aby'2’

Thevefore enou’h fo compute addition and multiplication, for basis coseds

N1 % X A0 1 X X
102 xtl 14X 1| 1 XX
XX+l 2% x4x® X| X x* 2
ClCe x24x 2x? Gl 2 ax

X3% = X'z (x+T) =241 = (-2)+2 4T = 24T
xxs Kt 0o = 2x
(2) F= 2/22 ={lo], [1]}
Caleating veducible - polynonials in, Fls]
Take any +¢Flx] of degree 2
£=01c" #ax + b1
fis imeducible = b# [0] = b=[1]  (b=[0] = £(0)=[0])

Hence

=01t paxt ] =) £:=00 + 1]
) £= (1)L + [1)x + [1]

) #{[1)) = 114 0] =[o]
2) ¢([0]) # 0 §
(([1])4 0

== inveducible lu, Lemma 2



The field F[*]/I has ?_2=l{. elements. Tke(’ ave
o]+, [1)+T, w1, ([1) e2)41
New nojra-hoy\'-

[0]+ T = [0]
Il+1 -1
x+T = X

Al elements fake form,
aX +b

Dmu}r\] 4ables

41 0 1 X X+l X 1 X X+t
o] 0 1 X X+ 0 0 O 0
1] 1 0 x+#\ X 1 1 X X¢l
A x x¢1 0 1 XNl o X x# |
Y+HIUXEV R 1 0 X+l 0 Xy 1 X

£ AT = Laxt[1)-(-[1)+T=-x-0)+T = x+[1]+T



